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COMPLEX ANALYSIS

ASSIGNMENT IV; DUE May 3, 2021.
-:*‘-,_; ',
Here U denotés the open umtl (I:'hs‘t; Jmt['.‘
BEPTEEREL P,

31. Suppose that g is entire and g(z) is real if and only if z is real. Show that g can
have at wiost ‘oré Zero: - .

32. Suppose f € O(U). Prove that there is a sequence {z,} in U such that |z,| — 1
and {f(z,)} is bounded.

33. Let f € O(T). If | f(2)] < 1 for |2] = 1 and f(0) = &. Show that |f(z)] < 322 for
allzeU.

34. Let f € O(T), and |f(z)| < 1 for |z| = 1. How many fixed points must f have in
the disc?

35. Let K be a compact set in C, and let g(z) = az + 1, a € C. Suppose that the
origin lies in the convex hull of K (the smallest closed convex set containing K). Show that
sup.ek|g(2z)| = 1. Note that 0 may not lie in K. )

36. Find holomorphic function f(%) whose real part is 2 — 3z%y — 3zy2 + 3°.

37. Write out Poisson’s integral formula on a disc D(a; R) = {z | |z —a| < R}, if u is
continuous on D(a; R) and harmonic in D(a; R). _ ,

38. Let Q be a region, and let f, € O(R), n € N. Suppose u,, is the real part of f, and
{un} converges uniformly on compact subsets of 2 and {f,(z)} converges for at least one
point in 2. Prove that {f,} converges uniformly on compact subsets of (1.

39. If u is real-valued and harmonic on a connected open set, and if «? is also harmonic,
prove that u is a constant function.

40. Show that the Laplace operator 5@;: + aa—:&, when written in polar coordinates, takes

the form 1 3 5 1
o= :-5(’”5) =r
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